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B. Project Summary

OVERVIEW

This project will be a collaboration among mathematical researchers at five universities to tackle
fundamental problems at the confluence of mathematical logic, algebra, and computer science.
An important part of the funds requested will support the work of post-doctoral associates and
doctoral students under the mentorship of established senior mathematicians.

INTELLECTUAL MERIT

The work of this project is driven by a number of long standing problems that ask for descriptions
of various classes of algebraic systems, usually classes associated with some given finite alge-
braic system. In many cases, the desired descriptions are computationally tractable algorithms.
In others, what is desired in a system of algebraic terms, perhaps of a particular form, fulfill-
ing some system of equations or some system of implications among equations. For example,
constraint satisfaction problems are computational problems (like the problem of determining of
a finite graph whether it is 3-colorable) that belong to NP. The Dichotomy Conjecture is that
every constraint satisfaction problem is either in P (regarded as within reach using reasonable
computational resources) or it is NP-complete (regarded as making insupportable demands on
computational resources). This project tackles this fundamental problem with sophisticated al-
gebraic methods—these have proven fruitful over the past decade and this area seems ripe for a
definitive breakthrough. Another example is the problem of discovering conditions sufficient to
ensure that the equations true in a given finite algebraic system can be axiomatized by a finite
set of such equations. Specific finite axiomatizability problems of this kind have remained open
almost fifty years—a big step forward was achieved in the last year by two of the project PI’s in
collaboration with a third mathematician. Also, in a very practical vein, this project will enhance
the Universal Algebra Calculator, a freely available software system that is an increasingly useful
proof assistant.

BROADER IMPACT

A considerable number of computational tasks encountered in everything from the running of
operating systems to efforts to grapple with big data involve constraint satisfaction problems. A
breakthrough using algebraic methods has the potential to increase efficiency of the solutions
of these practical problems and also to point to cases which place insupportable burdens on
computational resources.

This project promises to give a critical boost to the professional development of at least twelve
doctoral students and three very promising postdoctoral mathematicians. Advancing the careers
of bright young research mathematicians is important for the nation’s universities and colleges
and for the support of the full range of science and technology. The young mathematicians in this
project will be particularly adept at the connections between mathematics and computation.

Finally, the senior mathematicians engaged in this project undertake a broad range of syner-
gistic activities, from engagement with middle school mathematics teachers to the organization
of international research conferences. The young mathematician under the mentorship of these
individuals can be expected to pursue such synergistic activities as their own careers unfold.
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Ralph McKenzie

d. Project Description

This project encompasses the research efforts of six senior researchers, three young postdoctoral
researchers, and twelve pre-PhD graduate students working at five American universities. Ralph
McKenzie is the PI and Alexandr Kazda and Matthew Moore are postdocs at the lead university,
Vanderbilt, where they have been working closely together since August, 2013. Professors Keith
Kearnes and Ágnes Szendrei are PI and co-PI at the University of Colorado, Boulder, and they
have four and three PhD students, respectively. Ralph Freese is the PI at the University of Hawaii,
Manoa, and he has two PhD students. Clifford Bergman is PI and math department chairman
at Iowa State University in Ames and William DeMeo is postdoc there. Bergman has one PhD
student. George McNulty is PI at University of South Carolina, Columbia, and he has two PhD
students. DeMeo got his PhD at Hawaii with Freese and worked as a postdoc with McNulty during
2012–2014 before going to Iowa. Matthew Moore finished his PhD in 2013 with Kearnes at Boulder.
Kazda obtained his PhD at Charles University, Prague in 2013, under Libor Barto.

This is arguably the strongest group of nine active researchers in universal algebra to be found
today in American universities.

Universal algebra has been invigorated in recent years by a new alliance with theoretical com-
puter science and graph theory. Algebraic theories born thirty years ago have turned out to be
broadly applicable in obtaining deep and definitive results on the complexity (difficulty of com-
putation) of algorithmic problems in the broad class of constraint satisfaction problems. We call
this area algebraic CSP theory. Here the toolkit of universal algebra, combined with combinatorial
reasoning about polymorphisms (multi-variable endomorphisms) acting on finite graphs and other
relational structures, has produced deep new results on the complexity of CSP and explained and
united most of the older results. Almost every one of the new results has been turned around and
used to produce startling new algebraic results of a kind never seen before in universal algebra.
There now exists a very extensive research literature on algebraic CSP theory, mostly produced by
a large group of new young researchers of a brilliance probably unmatched at any other time in
the brief eighty-five year history of universal algebra. But just two among them have produced the
lion’s share of the best results: Libor Barto at Prague and Marcin Kozik at Krakow (who obtained
his PhD in 2004 with McKenzie). Our fondest hope is that this collaborative project will ultimately
give the United States a leading role in algebraic CSP theory.
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The primary purpose of the funds requested is to support the work of postdoctoral associates
and graduate students under the mentorship of established senior mathematicians. We plan to
work together as a whole and in smaller groups on significant problems, and to meet annually.

This proposal is arranged around a number of problems. Past work and future goals on the
problems will be described. In order to distinguish the contributions and plans of proposal personnel
their names will be written in the following font: DeMeo, Kazda, Moore, etc.

1. Constraint satisfaction problems. Consider these problems.
Solving linear equations. Suppose we have a system of n equations of the form a1x1 + · · · +

amxm = b, i.e., a system of n linear polynomial equations in m variables. Is there a common
solution to the equations in the system?

Storing chemical containers. Suppose we have 500 chemical containers that must be stored in 6
sheds. Some pairs of chemicals cannot be safely stored together, hence must be stored in different
sheds. If we are given a list of the unsafe combinations, is there a way to determine if it is possible
to store the containers safely? (If there exists a safe way to store the chemicals, how do we find
one? If some of the containers are already safely in some of the sheds, can we leave them in place
and safely put the rest in the sheds?)

In the problem of solving linear equations the goal is to assign values to variables in such a way
as to satisfy all the equational constraints of the system. It is not hard to see that in the problem of
storing chemical containers we are also assigning values to variables, this time subject to relational
constraints: here we introduce a variable for every chemical container, the value to be assigned to
a variable is the name of the storage shed to which it is assigned, and the list of constraints on the
assignment is the list of unsafe combinations. These problems are typical examples of constraint
satisfaction problems (CSP’s).

More generally, each finite relational structure R = 〈U,R1, . . . , Rk〉, Ri ⊆ Uni , poses an algo-
rithmic problem CSP(R). Namely, given any finite relational structure S = 〈V, S1, . . . , Sk〉 similar
to R, determine if there exists a homomorphism f : S → R (and if possible, find one). Each
such instance S of the problem can be recast in terms of variables and constraints. Take the set
of variables to be V , the universe of S, and the constraints to be the relational statements of the
form Si(vj1 , . . . , vnni

) that are true in S. Then a homomorphism S → R is just a mapping of all
the variables to elements of U that satisfies all the constraints. In the problem involving chemical
containers the structure R has universe U equal to the set of storage sheds, and the only relation
of R is �= (not-equals). A structure S as in the definition of CSP(R) may be interpreted as having
universe equal to a set of chemical containers, while the binary relation of S represents those pairs
of containers that are unsafe in combination. A homomorphism of S to R assigns containers to
sheds so that unsafe pairs of containers are assigned to unequal sheds.

It is known that the problem of solving linear equations is solvable in polynomial time. The
problem of deciding if it is possible to store n chemical containers in k sheds, considered as a
problem with k fixed and n varying, is solvable in polynomial time (i.e. is in P) if k ≤ 2, while the
problem is NP-complete if k > 2. (Essentially, this is the problem of k-coloring an n-vertex graph.)

Richard Ladner [44] showed that if P �= NP, then there is a densely ordered set of polynomial-
time reducibility classes of problems in NP that are neither P nor NP-complete. The CSP-
Dichotomy Conjecture of Tomás Feder and Moshe Vardi [22] states that no problem of “intermediate
complexity” can be found in the family CSP; i.e., for each R, CSP(R) is either NP-complete, or in
P. The conjecture has resisted all efforts and continues to be plausible. A main goal of research in
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this area is to prove the conjecture and to discover how to determine exactly when a CSP falls into
P and when it does not. It is expected that the conjecture will be proved by providing a polynomial
time algorithm for solving those CSP’s that fall into P.

At issue in the study of CSP’s is the increase in complexity that results when moving from a
single equational or relational constraint to a system of such constraints. It is hard to overstate
the usefulness of the ability to identify systems that can be solved quickly, and to provide fast
algorithms for their solutions. Twenty years ago this would have been considered an impossible
dream. But in the intervening years algebraic CSP theory has developed, and achieving the dream
seems possible. As we shall describe more fully below, algebraic CSP theory assigns to any CSP an
algebra, the algebra has easily computable algebraic invariants, and the classes of algebras defined
by different sets of algebraic invariants have well defined borders. The known examples of CSP’s
from different complexity classes produce algebras that suggest an “algebraically natural” dividing
line between the easy and the hard CSP’s.

2. Converting a relational structure to an algebra (and back). If R = 〈U,R1, . . .〉 is a
relational structure, then an n-ary polymorphism of R is a homomorphism f : Rn → R of relational
structures. The set Poly(R) of polymorphisms of R of varying arity is closed under composition
and contains the projection operations, making it a clone on the universe U of R. This yields an
algebra A(R) := 〈U,Poly(R)〉.

Conversely, if A = 〈U, f1, . . .〉 is an algebra, then an n-ary relation R ⊆ Un is compatible with
the operations of A if each operation of A is a polymorphism of 〈U,R〉, or equivalently if R is
a subuniverse of the power An (we say that R is a subpower of A). The family of subpowers of
an algebra A is closed under various types of relational composition, and this family contains the
equality relation, making the family a kind of object that is called a relational clone. The relational
clone of an algebra A is denoted Rel(A). The universe U of A equipped with the relations from
the relational clone Rel(A) is a relational structure R(A) := 〈U,Rel(A)〉.

We are discussing the Galois connection between algebras and relational structures defined by
the relation of compatibility, which was first worked out independently in the late 60’s by Geiger
[27] and by Bodnarčuk, Kalužnin, Kotov and Romov [15]. This discussion is relevant to our project
because of a crucial observation of Peter Jeavons from 1998, [30]: if R = 〈U,R1, . . . , Rk〉 is a finite
relational structure and S ⊆ Rel(A(R)) is finite, then CSP(〈U, S〉) is reducible in polynomial time
to CSP(R). In particular, the tractability of a CSP depends only on its associated algebra.

3. Classification by Maltsev conditions. Some algebras are more structured than others,
and a program for classifying algebras according to the richness of their clones grew out of a 1954
theorem of Anatoly Maltsev. He proved that a variety V has the property that all algebras in V

have permuting congruences (α ◦ β = β ◦ α) if and only if V has a term M(x, y, z) such that the
identities

M(x, y, y) = x and M(y, y, x) = x (1)

hold in V. This kind of assertion, that there exists a finite set of terms satisfying a finite set of
identities, is now called a strong Maltsev condition. The strong Maltsev condition holds in a variety
provided the variety has such terms satisfying such identities. A more familiar looking example
might be the condition that there exist terms x ∗ y, x−1, 1 satisfying the identities of groups. This
strong Maltsev condition holds in a variety exactly when there are terms defining an underlying
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group structure on each member of the variety. The variety of all groups and the variety of all rings
each satisfy this particular strong Maltsev condition.

An ordinary Maltsev condition is a disjunction of an ω-sequence of successively weaker strong
Maltsev conditions; i.e., a disjunction

∨
i∈ω σi where each σi is a strong Maltsev condition and

σi → σi+1 is valid for each i. For this proposal, the distinction between ordinary and strong
Maltsev conditions will rarely be critical, but they are different and the terminology we use will
be chosen carefully.

Maltsev conditions have become one of the standard universal algebraic tools used in the clas-
sification of clones, hence of varieties and of single algebras. Maltsev conditions are also used to
define contexts for very general theorems. It is natural to try to generalize a theorem about va-
rieties with underlying lattice structure to the Maltsev-definable class of varieties whose members
have distributive congruence lattices (“congruence-distributive varieties”). It is natural to try to
generalize a theorem about varieties with underlying group structure to the Maltsev-definable class
of varieties whose members have modular congruence lattices (“congruence-modular varieties”).

4. Algebraic CSP theory. A new age in universal algebra began with papers by Peter Jeavons
[30] and Andrei Bulatov, Andrei Krokhin and Peter Jeavons [16], which reformulated the CSP-
Dichotomy Conjecture theory as a question about finite algebras. The reformulated conjecture
has wonderfully energized several research communities. The universal algebraic approach to this
conjecture has been especially successful, producing a rich harvest of results and insights, in algebra
as well as in complexity theory. Many conferences and workshops over the past decade, for example
at Vanderbilt (2007), the American Institute of Mathematics (2008), the Fields Institute (2011),
Dagstuhl Institute (Germany) (2012) and Banff International Research Station (2014) had or will
have, as a prominent theme, the algebraic approach. McKenzie’s dearest goal for this project is that
by the end of year one, virtually everyone involved will have understood what has been accomplished
in algebraic CSP and mastered the tools that have been developed. If that happens, we should see
breakthrough results in year two.

From Jeavons’ paper [30], we know that a finite relational structure R = 〈U,R1, . . . , Rk〉 defines
a CSP whose complexity is determined by its associated algebra, A = A(R). The follow-up paper
[16] shows that, after preprocessing the structure R to some degree (to obtain the constant expan-
sion of a core structure, say R∗), the associated algebra A∗ = A(R∗) is idempotent. This means
that if t is a term operation of A∗, then A∗ satisfies the identity t(x, x, . . . , x) = x. In addition,
[16] shows that the class of idempotent algebras that arise from tractable CSP’s is closed under the
formation of homomorphic images, subalgebras, finite products and (idempotent) expansions. This
practically guarantees the existence of a Maltsev condition Σ =

∨
σi, whose identities involve only

idempotent term operations (an idempotent Maltsev condition), such that the tractable algebras
are those whose clone satisfies Σ. Finally, [16] shows that if the idempotent algebra A∗ satisfies no
nontrivial idempotent Maltsev condition, then CSP(R) is NP-complete. The Algebraic Dichotomy
Conjecture is that any nontrivial idempotent Maltsev condition implies tractability. To recap,
starting with a finite relational structure R, preprocess to find R∗, find the associated idempotent
algebra A∗, and test whether A∗ satisfies a nontrivial Maltsev condition. If it does not, then we
know that CSP(R) is NP-complete. If A∗ does satisfy a nontrivial Maltsev condition, the Alge-
braic Dichotomy Conjecture predicts that CSP(R) will lie in P. Our main research goal is to prove
this fact.

Algebraic CSP theory has grown up around the Dichotomy Conjecture, and includes research
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into the problems of finding optimal expressions of Maltsev conditions, proving tractability for
CSP(R) when the associated idempotent algebra satisfies a sufficiently strong Maltsev condition,
and further CSP-inspired development of the theory of Maltsev classification.

Let’s discuss the problem of recognizing whether a finite idempotent algebra satisfies a nontrivial
Maltsev condition. Walter Taylor proved in [60] that there is a weakest nontrivial idempotent
Maltsev condition. That is, a variety satisfies some nontrivial idempotent Maltsev condition if and
only if it satisfies the following one (asserting the existence of a “Taylor term”): for some n, V has
an n-ary term operation T such that for each i between 1 and n there is an identity

T (∗, ∗, . . . , x, . . . , ∗) = T (∗, ∗, . . . , y, . . . , ∗)

true in V where different variables appear in the ith place of T on the right and left. David
Hobby and Ralph McKenzie [28] proved that a finite algebra has a Taylor term if and only if tame
congruence type 1 does not occur in the variety it generates. Ralph Freese and Matthew Valeriote
[26] proved that a finite idempotent algebra generates a variety omitting type 1 if and only if A
admits no divisor (homomorphic image of a subalgebra) that is a two-element algebra with only
trivial projection operations. This provides a fast way to check whether a finite idempotent algebra
satisfies a nontrivial Maltsev condition.

A CSP-inspired refinement of a Taylor term was conjectured by Matthew Valeriote and later
found by Miklós Maróti and Ralph McKenzie, [49]; it is called a weak near unanimity operation
(sometimes just weak NU operation or WNU operation). For k > 1, a k-ary weak near unanimity
operation is an idempotent operation W (x1, . . . , xk) such that

W (y, x, x, . . . , x) = W (x, y, x, . . . , x) = · · · = W (x, x, x, . . . , y).

Maróti and McKenzie proved that a finite idempotent algebra has a Taylor term operation iff it has
a weak NU term operation. This discovery turned out to be critical to later developments.

A special type of weak NU term operation is a cyclic term, which, for k > 1, is a k-ary
idempotent term operation C(x1, . . . , xk) satisfying C(x1, x2, x3, . . . , xk) = C(x2, x3, x4, . . . , x1).
Libor Barto and Marcin Kozik proved in [9] that a finite idempotent algebra has a Taylor term
operation iff it has a cyclic term operation.

Eventually Mark Siggers stunned the community with [59], which exhibits a Maltsev condition
in a bounded number of variables (namely six) which is equivalent in strength to those from the
last few paragraphs. Kearnes, Marković and McKenzie then found a four-variable version of Sigger’s
term, and proved the optimality of their term. Namely, any finite algebra has a Taylor term if and
only if it has an idempotent term t(x1, x2, x3, x4) such that t(x, y, x, z) = t(y, x, z, y).

We now have several ways to test if a finite relational structure R has associated idempotent
algebra satisfying a nontrivial Maltsev condition. For example, we can preprocess it to R∗, then
check if R∗ has a 4-ary polymorphism t satisfying t(x, y, x, z) = t(y, x, z, y).

It is currently open whether a CSP is tractable if the associated idempotent algebra has a Taylor,
(equivalently weak NU, cyclic or Siggers-like) term operation, but there are proofs of tractability
for broad classes satisfying stronger hypotheses. One stronger hypothesis, where tractability has
been proved, is the presence of a “cube term”.

Let F = FV(x, y) be the free V-algebra generated by the set {x, y}. The set {x, y}k is indepen-
dent in the sense of subalgebra generation if all subsets of {x, y}k generate different subalgebras of
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Fk. Using automorphisms of Fk, It can be shown that if {x, y}k is dependent, then it is so in
a specific way: the set {x, y}k − {x} must generate the element x, where x = (x, x, . . . , x) is the
k-tuple consisting of x’s. For this to happen there must be a term operation which, when applied
to elements of {x, y}k −{x}, yields x. This takes place in a free algebra, so the properties required
of the term can be expressed as identities holding throughout V. This leads to the definition of
a k-cube term for V: a term operation c(x1, . . . , x2k−1) such that for every i there is an identity
of the form c(∗, . . . , y, . . . , ∗) = x, true in V, where y( �= x) appears in the ith place and arbitrary
variables appear elsewhere. A variety has a k-cube term operation iff {x, y}k is a dependent subset
in Fk. (Refer back to (1) to see that a Maltsev term is nothing other than a 2-cube term.)

McKenzie gathered an informal seminar group at Vanderbilt in October, 2005. Attending were
Joel Berman, Pawe�l Idziak, Petar Marković and Matthew Valeriote. They spent several weeks ex-
ploring some ideas brought by Idziak. He had defined three functions on positive integers associated
with a finite algebra A. Namely, sA(n) is the logarithm of the number of subuniverses of An; gA(n)
is the least k such that every subuniverse of An is generated by a set of k or fewer of its elements;
iA(n) is the largest size of an independent (in the sense of subalgebra generation) subset of An.
He suggested that any of these functions is a good measure of the “size” of the relational clone of
admissible relations of A, and he observed that gA ≤ iA ≤ sA while sA(n) ≤ n · log(|A|) · gA(n).
Idziak also introduced cube terms, and suggested that the seminar group explore the relation be-
tween the rate of growth of these functions and the presence or absence of a cube operation in the
operational clone of A. Working together, the group affirmed Idziak’s intuition by showing, for
example, that iA(n) is bounded above and below by polynomials of degree k if A has a k-cube
term, and has an exponential lower bound if A has no cube term. When A has a cube term we now
say that A has few subpowers. The results of this seminar appear in the “few subpowers paper”,
[14].

Idziak’s motivation for studying these notions was the hope that algebras with few subpowers
could be proved to have tractable (polynomial-time) CSP. That hope was fulfilled in the follow-
up paper [29]. The algorithm given not only determines if an instance of a CSP problem has a
global solution, but if it does, lists a set of generators of the algebra of all global solutions. This is
possible only because the presence of a cube term guarantees the existence of a generating set of
polynomially bounded size.

Another broad class of algebras for which dichotomy is validated is constituted by the algebras
satisfying the idempotent Maltsev condition defining the class of congruence meet semidistributive
varieties (or for short, SD(∧) varieties). This is the most general idempotent Maltsev condition
that fails to hold in any module, and it may also be characterized for locally finite varieties as the
idempotent Maltsev condition defining the class of varieties that omit the tame congruence theory
types 1 and 2. B. Larose, M. Valeriote and L. Zádori [45] conjectured that a finite idempotent
algebra A generates such a variety iff all CSP’s associated to A are of “bounded relational width”.
Libor Barto and Marcin Kozik ([8], [10]) proved this conjecture, by demonstrating that if the variety
generated by A is SD(∧) then the CSP’s associated to A are tractable, in fact solvable by the “local
consistency algorithm”.

The algebras that satisfy the SD(∧) Maltsev condition have CSP’s that can be solved in the
Datalog language [10]. Alexandr Kazda is currently working toward completing the algebraic de-
scription of CSP’s that can be solved by restricted variants of the Datalog language. There are
three such variants: The full Datalog (which lies in complexity class P), which is stronger than
linear Datalog (lies in NL), which is stronger than symmetric Datalog (in L). In the late 2000s,
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Benoit Larose and Pascal Tesson made a conjecture about the complexity of linear Datalog. The
conjecture states that for any finite relational structure R (with a finite number of relations) the
following three statements are equivalent:

1. CSP(R) is solvable by linear Datalog,

2. CSP(R) is in NL,

3. the algebra of polymorphisms of R generates a congruence join semidistributive variety (i.e.,
a variety omitting types 1,2 and 5).

Kazda would like to prove the Larose-Tesson conjecture by combining ideas from [11] with the body
of research that has since been done in algebra and combinatorics.

Tame congruence theory suggests that it is reasonable to investigate idempotent algebras sat-
isfying the Maltsev condition defining the class of varieties omitting types 1,4 and 5, which is the
Maltsev condition defining the class of n-permutable varieties. Alexandr Kazda is intensely inter-
ested in understanding the complexity of the CSP’s of this class. He has recently shown that if
CSP(R) can be solved by linear Datalog, and if the algebra of polymorphisms of R is n-permutable
for some n, then CSP(R) can be solved by symmetric Datalog [35]. Because both of these conditions
are necessary for CSP(R) to be solvable by symmetric Datalog, if one could describe linear Datalog
algebraically, then one would get a characterization of symmetric Datalog for free. Everyone ex-
pects it should be possible to design a polynomial time algorithm for these algebras satisfying the
Maltsev condition for n-permutability even when the congruences are not semidistributive, narrow-
ing the gap between CSP’s known to be in P and those that are NP-complete. Right now, there is
no known polynomial time CSP algorithm that would work for even 4-permutable algebras. The
situation seems ripe for progress.

Recall that the algebraic version of the Dichotomy Conjecture asserts that the CSP’s associated
to a finite idempotent algebra A are tractable if and only if A has a weak near unanimity term
operation. The left-to-right direction has been proved to be true, but the converse is open. This
open problem could be solved by showing that the finite algebras in the pure weak NU varieties have
tractable CSP’s. Here, for each k > 1, we define the pure k-ary weak NU variety to be the variety
in a language of one k-ary operation W satisfying the weak NU identities: W (x, x, . . . , x) = x and
the weak NU identities, W (y, x, x, · · · , x) = W (x, y, x, · · · , x) = · · · = W (x, x, x, · · · , y).

Clifford Bergman, together with his doctoral student, David Failing, initiated an investigation
into the tractability of the finite algebras in the pure 2-ary weak NU variety. This variety is
defined with a single binary operation w subject to the laws w(x, x) = x and w(y, x) = w(x, y).
They call the algebras in this variety “CIB’s”, which stands for “commutative, idempotent binars”.
Associative CIB’s are semilattices.

Bergman and Failing considered various axioms that do not imply associativity even when
coupled with commutativity and idempotence, [12]. They showed that a finite CIB is tractable if
it satisfies an identity of Bol-Moufang type or the self-distributive law.

We now know that a finite CIB either has a Maltsev term or else it has a proper semilattice
divisor. In the former case, the associated CSP is tractable. Cliff Bergman, William DeMeo and
Bergman’s doctoral student Jiali Li are working on the latter case.

The above work connecting CSP’s and Maltsev conditions has inspired many new results in the
theory of Maltsev conditions, of which we mention four.

First, Barto [6] proved a new absorption theorem for finite algebras and M. Kozik (unpub-
lished) used it to show that every finite algebra in a congruence distributive variety has directed
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Jónsson terms. Both results were motivated by CSP applications and applied only to finite al-
gebras. McKenzie wondered if they could possibly be true for all algebras, but for several years
made no headway on answering this question. This spring, A. Kazda, M. Kozik, R. McKenzie and
M. Moore were together able to show that both results are true for all algebras and are implied by
a more general theorem that unites them. This is being prepared for publication as [36].

Second, in the summer of 2014 Kazda greatly improved a result of McKenzie by showing that
there is a polynomial time algorithm to determine if a finite idempotent algebra has a cube term.

Third, Jovanović, P. Marković, McKenzie and Moore are working on the problem of determining
an optimal strong Maltsev condition defining the class of algebras generating varieties that omit
types 1 and 2, similar to what was found by Kearnes, P. Marković and McKenzie in [37] for varieties
omitting type 1. They have reduced the problem to two remaining cases, to which CSP techniques
are being applied.

Fourth, Ralph Freese and Ralph McKenzie have created a new body of work on what they call
“robust” Maltsev conditions. The inspiration comes from the following scenario: suppose that
A is a finite idempotent algebra with a congruence α such that A/α and each α-class satisfy a
Maltsev condition guaranteeing tractability. Is A tractable? Does A satisfy the same Maltsev
condition? This could be part of an inductive procedure to understand which idempotent algebras
are tractable, starting with simple idempotent algebras.

So, Freese and McKenzie define a property to be robust if whenever idempotent varieties U and
V both have the property, then their Maltsev product, U ◦V, also has it. This implies that the join
of the two varieties, U ∨ V, also has the property.

While there are simple examples showing that the join of two idempotent congruence permutable
(CP) varieties need not be congruence permutable, the property of being k-permutable for some k is
robust. Together they showed that the Maltsev product of CP idempotent varieties is 4-permutable,
and later Freese strengthened this to show that it is in fact 3-permutable. Freese and McKenzie
continue to investigate similar situations for other properties. For example they have shown that the
Maltsev product of two 3-permutable varieties is 15-permutable. What is the best bound? While
there is, for example, a polynomial time algorithm to test if an idempotent algebra A generates a
k-permutable variety for some k, see [26], it may be possible to speed these algorithms up using
robustness to reduce the question to simple algebras.

To conclude this subsection, we mention some recent advances concerning finitely related clones
on finite sets. Here a clone C on a finite set U is finitely related exactly when C = Poly(R) for
some finite relational structure with finitely many relations. These are interesting for algebraic
reasons, but obviously significant to CSP research.

In [39], Kearnes and Szendrei publish tools for showing that a finite algebra is finitely related,
and use them to show that a finite algebra with a cube term is finitely related if it generates a
residually small variety. Using a different kind of combinatorics, Erhard Aichinger, Peter Mayr and
McKenzie [1] proved the same result without assuming that the variety lies in a residually small
variety, namely they showed that any finite algebra with a cube term is finitely related. Fairly
recently Libor Barto has announced in [5] that he has proved the conjecture of Valeriote that states
that a finitely related finite algebra in a congruence modular variety has a cube term. All told,
the results of Aichinger-Mayr-McKenzie and of Barto establish that if A is a finite algebra in a
congruence modular variety, then A has a cube term iff A is finitely related. It remains of interest
to CSP and to algebra to obtain general results about finitely related clones for algebras not in
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congruence modular varieties. In particular, results about finitely related algebras have application
to Natural Duality Theory, as in [40].

5. Other computationally-oriented goals. This area concentrates on algorithmic questions
and implementation.

Ralph Freese has been working on the Universal Algebra Calculator (UACalc) for a number of
years. It is available for free at uacalc.org. The program has an easy to use interface and is capable
of a wide variety of tasks relevant to universal algebra such as constructing free and finitely presented
algebras, testing if one algebra is in the variety generated by another, drawing the congruence and
subalgebra lattices, finding the tame congruence theoretic type set of an algebra and testing for and
finding terms for various Maltsev conditions. The latter is of particular importance to the research
described in this proposal. Algorithms are added to the program very quickly, often before they
are published. For example, Alexandr Kazda’s algorithm for testing if an idempotent algebra has a
cube-term blocker is already incorporated. This algorithm allows for fast testing for a cube or near
unanimity term.

Besides incorporating the best known algorithms, the program has useful features such as
multi-threading for putting long tasks in the background while reporting progress as the user
continues working. The program has high level (computer) objects representing various structures
in algebra and the programming interface is designed so that researchers with some programming
skills can write code for their problems directly. This helps with testing the speed and correctness
of algorithms as well as, of course, using the algorithms. Matt Valeriote, for example, has written
code for several of the latest algorithms.

Bergman, DeMeo and Freese will write a paper describing the algorithms used. The paper
will also have a user’s guide and a description of the programming interface. This paper will be
published on arXiv.org so that both parts can be updated after major revisions. It will also be
kept in a public Git repository.

Primarily through the efforts of William DeMeo, a command line version supporting both Scala
and Jython has been recently added.

The first Workshop on Computational Universal Algebra, attended by 23 mathematicians, took
place on October 4, 2013. The participants were enthusiastic and several asked about the next
meeting. Such a workshop is being planned.

In [13], Szendrei and her coauthors gave an algorithm to compute the tame congruence type
of a prime congruence interval that runs in time proportional to the fourth power of the input
size of the algebra. In unpublished work Freese has shown that this algorithm actually runs in
time proportional to the cube of the input size. It is based on the following result. Let {a, b}
be a subtrace and let Ta,b be the subalgebra of A4 generated by (a, a, b, b) and (a, b, a, b) and the
constant 4-tuples.

Theorem. Let A be a finite algebra with n elements. Let β � 0 be an atom of Con(A) and
let {a, b} be a subtrace of β/0. The maximum size of Ta,b depending on the type of β over 0 is

1. type 1 or 2: n3.

2. type 3: n4.

3. type 4: n4/12 + n3/3 + 5n2/12 + n/6.

4. type 5: n3/3 + n2/2 + n/6.
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These bounds all occur infinitely often.

An intriguing conjecture is that if the type is 1 then the upper bound is n1+log2 3 (≈ n2.6). It
is known that this bound can occur.

Recently, William DeMeo discovered a simple way of interfacing with the Universal Algebra
Calculator using the Python scripting language. Specifically, Jython is an implementation of Python
that runs on the Java Virtual Machine (JVM). This makes it possible to include UACalc Java
packages inside Python programs, so anyone who knows a little Python can write simple scripts to
test conjectures about large collections of algebras, without having to manually enter each algebra
into the UACalc graphical user interface.

For example, one powerful feature of the UACalc that Ralph Freese recently implemented is
an efficient method for quickly testing whether a finite idempotent algebra generates a congruence
permutable variety. (See [26, Theorem 5.1].) With a simple Python script we can now apply this
method to a large batch of algebras and almost instantly know which ones generate congruence
permutable varieties.

William DeMeo demonstrated this means of interacting with UACalc at the 2013 Workshop
on Computational Universal Algebra, and Peter Jipsen pointed out that the Scala programming
language is also based on the JVM and could be used in the same way. This has turned out to
be a valuable insight, since Scala supports both the functional and object oriented programming
paradigms, and has powerful facilities for concurrency and parallelism. Recently, DeMeo imple-
mented an algorithm in Scala that uses mutually recursive functions to efficiently search for sets of
finite algebras with certain properties.

One of the current goals of DeMeo and Freese is to parallelize some of the more important
UACalc subroutines that, in their current serial implementation, can cause bottlenecks when using
the software, even with relatively small finite algebras. One example is the subroutine that computes
the subalgebra generated by a given set of elements. Freese has written a parallel version of
this routine and his preliminary tests show that the speedup is significant, despite the fact that
the general problem of computing a subalgebra is complete for the class of problems solvable in
polynomial time.

We close this subsection by detailing an ongoing research project in which the Universal Algebra
Calculator has been used to help locate the potentially important subcases of a problem.

William DeMeo, Ralph Freese and Peter Jipsen have used UACalc and GAP to show that all
lattices with seven or fewer elements are representable as congruence lattices of finite algebras, with
exactly one possible exception, L7 (see Figure 1). They have also shown that a minimal represen-
tation of L7, if it exists, is by a transitive group (that is, by a unary algebra whose nonconstant
polynomial operations form a transitive permutation group). This means a minimal representation
of L7 must have uniform congruences (all blocks of a congruence have the same size). Does such a
representation exist?

If the lattice L7 is not representable as a congruence lattice, a proof of this fact might be based
on the following construction. Assume first that A is a finite algebra whose congruence lattice is
L7. Then L7 will be isomorphic to a sublattice L of the lattice Eq(A) of all equivalence relations
on a set A. Choose some n and some equivalence relations αij ∈ L, 0 ≤ i < j < n. Define

B = {(a0, . . . , an−1) ∈ An : (ai, aj) ∈ αij},

which is a particularly nice subset of An, whose definition depends on the parameters αij . For
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Figure 1: L7

β ∈ L, let βi ∈ Eq(B) be
βi = {(b, c) : (bi, ci) ∈ β}.

Let K be the sublattice of Eq(B) generated by the βi’s, i < n, β ∈ L. Now each interval 1/0i in
K above a coordinate projection kernel will be isomorphic to L7, while the intersection ∩i<n0i of
the coordinate projection kernels will be zero. Thus K is a strange lattice, with lots of copies of L7

that overlap in ways specified by the parameters αij . One might be able to obtain a contradiction
by considering the properties of a minimal representation of K.

6. Farther out: computable recognition, finite axiomatizability and decidability.

Computable recognition: George McNulty and others are interested in the computable recogni-
tion of properties of finite algebras that are connected with the varieties they generate. These
problems are motivated from mathematical logic but surely require subtle algebraic methods for
their solutions.

Tarski’s Finite Basis Problem from around 1960 asked if there is an algorithm that, upon
input of a finite algebra A of finite signature, would determine whether A is finitely based. Ralph
McKenzie published a major paper [53] establishing that no such algorithm can exist. McKenzie’s
work has inspired a line of research that, on the one hand seeks to extend the list of undecidable
properties of finite algebras and the varieties they generate, and on the other hand, seeks to classify
the computational complexity of those that do have an algorithm. In the latter direction, one
notable result is the difficult theorem of Marcin Kozik [42] stating that there is a finite algebra E
of finite signature such that the problem of deciding, given a finite algebra A, whether A belongs
to the variety generated by E is complete for 2EXPTIME.

Recently, McNulty has been able to use Kozik’s result and some earlier work of Kearnes and
Szendrei [38] and of Pigozzi [58] to show that the problem of deciding whether a finite algebra of
finite signature generates a minimal variety is also complete for 2EXPTIME. A number of other
computational complexity problems addressing different properties of the variety generated by a
finite algebra are worth examining: for instance whether the variety is affine complete, whether it
has a cube term, and so on.

Finite axiomatizability: In 1954 Roger Lyndon [47] published an example of a seven-element
algebra whose equational theory is not finitely axiomatizable. We say that such algebras are not
finitely based. On the other hand, most finite algebras arising in the ordinary course of mathematical
practice are finitely based. This includes every finite group (Oates and Powell [57]), every finite
lattice (McKenzie [50]), and every finite ring (Kruse [43] and L’vov [46] independently). Since the
mid-1970’s a deep investigation of the general theory of varieties of algebras (by way of Maltsev
conditions, the extension of the commutator familiar from group theory to much broader settings,
and the rise of a wholly new theory (called tame congruence theory, see D. Hobby, R. McKenzie [28])
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has provided the tools needed for the achievement by Kearnes, Szendrei, and Willard [41] in 2013 of
the following very general finite basis theorem: Any finite algebra of finite signature that generates
a variety with a difference term and a finite residual bound is finitely based. This new theorem is a
substantial contribution to an old problem of B. Jónsson, the solution to which Kearnes, McNulty,
and Szendrei will seek.

Since each variety of groups as well as each variety of rings has a difference term, we see that
the new theorem of Kearnes, Szendrei, and Willard (as well as a related theorem of McKenzie [51])
applies to some finite groups and some finite rings. However, it is easy to find finite groups, like
the eight-element quaternion group, that generate varieties without any residual bound, finite or
not. McNulty is therefore interested in the following variant of Jónsson’s Problem:

Jónsson’s Problem, elementary variant: Is every finite algebra of finite signature that generates
a variety whose class of subdirectly irreducible algebras is a finitely axiomatizable elementary class
finitely based?

Finally, there is a third problem originating in the mid-1970’s that remains open:

The Eilenberg-Schützenberger Finite Basis Problem: Let A be a finite algebra of finite signature.
Let V be the variety generated by A. If there is a finitely based variety W such that Vfin = Wfin,
must A be finitely based?

It turns out that were A a counterexample to the Eilenberg-Schützenberger Problem then it
would have to be inherently nonfinitely based. This stronger kind of failure of finite axiomatizability
has been investigated since 1980. The Shift Automorphism Theorem, which emerged from work
done by K. Baker, McNulty and H. Werner [3], gives a wide assortment of inherently nonfinitely
based finite algebras. However, McNulty, Zoltán Székely and Ross Willard [54] showed that this
theorem cannot produce a counterexample for the Eilenberg-Schützenberger Problem. The Shift
Automorphism Theorem relies on the action of a certain cyclic subgroup of the automorphism
group on a particular kind of algebra in the variety generated by A. There is a reasonable prospect
of strengthening the Shift Automorphism Theorem by using actions of more complicated groups.

The congruence lattices of classical algebras (groups. etc.) satisfy the modular law and this
law is used in proving some of the important theorems in these fields. But there are stronger laws
such as the arguesian law that hold in the congruence lattices of algebras in a congruence modular
variety of algebras, see [25], [24].

Freese is working toward a characterization of those varieties V such that the equational theory
of the class of all congruence lattices of algebras in V is finitely axiomatizable. Of course, V has
this property if it is congruence distributive. In [23] it was shown that the equational theory of
the congruence lattices of a congruence modular variety of algebras cannot be finitely based unless
the variety is congruence distributive. Freese, in joint work with Paolo Lipparini, has shown that
in fact the equational theory of the congruence lattices of a variety is not finitely based unless
these congruence lattices are semidistributive (or generate all lattices). This reduces the problem
to considering congruence semidistributive varieties, and the obvious place to start is with Polin’s
variety (see [17]). Is there a finite basis for the equations of the congruences lattices of Polin’s
variety?

Decidability: Along with resolving Tarski’s Finite Basis Problem, McKenzie [52] proved that the
problem of determining if a finite algebra generates a residually finite variety is also undecidable.
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Here, a variety is said to be residually finite if there is a natural number n such that every algebra in
the variety can be embedded in a product of algebras of size < n. In his recent paper [55], Matthew
Moore used a modified version of McKenzie’s construction from [52] to show that for a finite algebra
it is undecidable whether it generates a variety with definable principal subcongruences (DPSC).
The requirement for a variety V to have DPSC is weaker, but apparently more natural, than
the more familiar property of having definable principal congruences (DPC), which means that
there is a first order formula Ψ(x, y, u, v) in the language of V such that for arbitrary elements
a, b, c, d of any algebra in V, a and b are related by the congruence generated by c and d if and
only if Ψ(a, b, c, d). For example, while DPC fails in all varieties of lattices, except the variety of
distributive lattices and the variety of 1-element lattices, DPSC holds in every finitely generated
congruence distributive variety. Baker and Wang [4] used the latter fact to give a new proof for
Baker’s finite basis theorem [2]. Moore’s research plan includes exploring the decidability of DPSC
in congruence modular varieties.

Whether there exists an algorithm that decides if a finite algebra is dualizable is a long-standing
open problem in the field of Natural Dualities. It is believed that no such algorithm exists unless the
algebra generates a more structured variety. Kearnes, Moore and Szendrei plan to pursue the problem
of decidability of dualizability. Some new results establishing the decidability of dualizability can
be found in the recent manuscripts [40] by Kearnes and Szendrei and [56] by Moore.

7. Broader impacts of this project. The project promises to give a critical boost to the profes-
sional development of twelve graduate students and three very promising postdoctoral mathemati-
cians. Project personnel and students will come together for five-day workshops at CU Boulder in
summer 2015 and summer 2017, and at Vanderbilt in summer 2016. Although the exact mechanics
of these meetings has not been fixed, we will likely operate very informally around a structure
beginning with reports on the status of problems, followed by intense work in groups, and conclud-
ing with a debriefing session. These two workshops should be important formative experiences for
the young researchers, and should provide opportunities for education, networking and professional
development.

We hope to organize the second Workshop on Computational Universal Algebra during the
grant period. It may be held in conjunction with one of the above workshops. The first such
workshop, which was a day-long meeting organized by DeMeo and Freese, brought together more
than twenty researchers from different areas to learn how to compute certain objects quickly, to
learn how to use and to contribute to the UACalc program, and to listen to a tutorial presenting
development tools. The program for the second meeting has yet to be decided, but will likely
include a presentation of how UACalc has been extended since the first meeting.

The above meetings will involve forms of teaching, training and learning. It is appropriate
to mention the past history of commitment by the proposers to teaching, training and learning.
The senior project personnel have been involved regularly in supervising PhD students, organizing
professional conferences, editing conference proceedings, and authoring research-level textbooks and
monographs. For example, the number of former+current PhD students of each of them is 6+1
Bergman, 5+2 Freese, 4+4 Kearnes, 27+0 McKenzie, 7+2 McNulty, 5+3 Szendrei. Each of the senior
personnel has helped to organize meetings both small and large, at regular intervals. The number
of conference proceedings edited is 1 Freese, 2 Kearnes, 2 Szendrei. The number of research-level
textbooks and monographs cowritten is 1 Bergman, 3 Freese, 1 Kearnes, 5 McKenzie, 1 McNulty, 1
Szendrei. Some senior and junior personnel have been involved in maintaining informational web
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pages for the profession and in creating free software for research and teaching.
As expected, the results obtained through the support of this project will be disseminated

through publications in professional journals and talks at professional meetings. It is worth adding
here that we are committed to (and have a track record of) advising our students on how to prepare
their first papers and first professional talks.

It is hard to predict the full benefit to society that might result from a successful completion
of this project. The CSP of solving systems of linear equations has a history spanning more than
2000 years, and the fast algorithm of Gaussian elimination is the heart of many current programs.
The project is likely to provide methods for identifying more types of CSP’s that are solvable in
polynomial time, and to provide polynomial time algorithms for their solution. This could transform
the way computational mathematics is done.

We believe that a more profound understanding of the interplay between algebras and algorithms
will allow computer scientists to design programs and systems in such a way that solving CSP’s
for them is efficient, leading to massive savings. The intense excitement generated by the success
of algebraic CSP has drawn many extremely talented young mathematicians into this field, thus
greatly strengthening the international community in universal algebra. It is in the national interest
that research in this area by Americans play a more prominent role, and support for this project
will help to ensure that this occurs.

8. Results from prior NSF support.

Award: DMS0604065, $110,973, 2006–2010
Title of Project: Structure and algorithms, between logic and algebra
PI: Ralph McKenzie
Results: Paper [20] is directed at the problem of characterizing the finitely generated quasivarieties
that are finitely axiomatizable, one of the research directions for the current grant proposal. We
proved there that if a finitely generated quasivariety has pseudo-complemented relative congruence
lattices, then it is finitely axiomatizable; this result extends some significant earlier results. Papers
[7], [14], [29], [49], and [48] contain results on the CSP-dichotomy conjecture that is given as a
principal research direction for the current grant proposal; the results of [14], [29], and [49] are
recognized as significant milestones in algebraic CSP research. The papers [18], [19], [31], [32],
[33], and [34] solve two problems of Ježek concerning the ordered set that arises by imposing the
substructure ordering on the set of isomorphism types of finite semilattices (respectively: lattices,
distributive lattices, ordered sets). In each of the four cases, the resulting ordered set has only the
obvious automorphisms, and each orbit of the automorphism group is a first-order definable subset
of the ordered set of types.

Award: DMS1263229, $54,074, 2013–2016
Title of Project: BLAST 2013, 2014, 2015
PI: Keith Kearnes, co-PIs: Peter Jipsen, Ágnes Szendrei
Results (Intellectual Merit): One of the key outcomes of the BLAST Conference Series has been
to bring together researchers from several cognate specialties. In August 2013, the BLAST Con-
ference was held at Chapman University. The conference brought together top researchers from 19
countries on 4 continents. The researchers delivered 9 invited lectures, 7 tutorial lectures, and 36
other talks in Ramsey theory, set theory, reverse mathematics, computability theory, model theory,
Boolean algebras with operators, modal logic, substructural logics, MV algebras, duality theory,
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coalgebra, pointfree topology, homotopy type theory and other topics. The award supported 8
invited main speakers, 3 tutorial lecturers, 10 graduate students, and 4 recent Ph.D.’s. The next
BLAST meeeting will be held at New Mexico State University in January 2015.
Results (Broader Impacts): The conference series serves as a forum for students and young re-
searchers to develop their presentation skills, to disseminate their work, and to hear the work of
others. We actively sought to support graduate students and recent Ph.D.’s with Award 1263229.
In 2013, four invited main speakers (DeMeo, Dorais, Sinapova and van Gool) were recent Ph.D.’s.
All supported recent Ph.D.’s and 8 supported graduate students gave talks. Electronic files of
the talks delivered at the 2013 conference are posted online. The central BLAST web page is at
http://math.colorado.edu/blast/

Award: DGE-0911708, $1,956,883, 2009–2015 (renewed as DGE-1303279, $2,377,279, 2014–2019)
Title of Project: Federal Cyber Service: Scholarship for service
PI: Douglas Jacobson, co-PI: Clifford Bergman and three others
Results (Intellectual Merit): The Iowa State University Scholarship for Service was quite successful
in its primary goal of training graduate students to join Federal agencies as security personnel and
provide support for cyber-security efforts. 20 students 2-year scholarships under the program. All
20 completed the MS degree and are now employed at Federal agencies, including the National
Security Agency, Central Intelligence Agency, and the Federal Reserve. The success of the Iowa
State program is partly indicated by the NSF decision to renew the program (award 1303279) for
an additional 60 months.
Results (Broader Impacts): The purpose of the entire cybercorps program is to strengthen our
nation’s cyber-security infrastructure. Virtually all funds from the award were used for student
scholarships, contributing to the development of a strong, competitive STEM workforce.


